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Much research has been done regarding the Newton Coates method and generally the results
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that are available are about the trapezoidal method and the Sampson method and not much

attention is paid to the higher levels of the Newton Coates method. This article has been
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written to find out what is the relationship between the high-order Newton-Cotes method
and study behavior of error in high order methods. In this research numerical integration

preformed, Newton Coates method is examined in detail and formulate the two points,

Keywords

three points, four points up to eight points are will investigate. Furthermore, this study
showed that, analyze the errors of each method and show the relation between two consec-

utive Newton Coates methods. On the other hand, the research showed that, odd point’s

Error Analysis, Integration,
Interpolation, Newton-Cotes

INTRODUCTION

The importance of numerical integration will be evident
when the function under the integral appears in a tabular
form or in such a way that its integration is difficult. In
this case, in order to obtain the desired integral, many
Scientists have taken action to solve this problem and have
discovered many ways and methods. One of the methods
is the approximation of the function under the integral
with a polynomial, which is done using the concepts of
interpolation. That is, when the given tabular function is
approximated using interpolation and then integration
is performed, or if the function under the integral is
complicated, the desired function is approximated to a
polynomial of degree (n), and then the integral solution
is approximated by considering the obtained polynomial.
The method is called Newton-Cotes method. Numerically
we can show this concept as follows:

. . .o
| f@dr=["p,Ddv=]" 2w x)ds
In addition to the Newton Coates method, Gauss and
Romberg’s numerical integration can also be mentioned,
which are very effective methods in numerical analysis.
But since the research in this article is done on the
Newton-Cotes integration method, it is better to skip the
definition and mention of other methods. Error estimates
for midpoint, trapezoid, Simpson’s, 3=8-Simpson’s and
Boole’s type rules are obtained. Some related inequalities
of Ostrowski’s type are pointed out (1). Introduced an
advanced family of numerical composite integration
formulas of closed newton—cotes-type that uses the
function values on uniformly spaced intervals only
without any derivative values by using MATLAB (2,5). A
novel family of numerical integration of closed newton-
cotes quadrature rules is presented which uses the
derivative value at the midpoint (3, 17). A comparative

method would be better. It is worth mentioning that to obtain these methods, and in this
study the researcher used the Lagrange interpolator polynomial.

study the accuracy of numerical integral methods like
newton-cotes method and Gaussian quadrature rule
for the model problem and tested for another problem
to verify the results are done (4). Study the concept of
numerical integration and verify the some basic newton
cotes rule (6). A comparative study of Gaussian and
newton Coates rule done (7). Proposed numerical
integration method using interpolation is compared to
the various numerical integration formulas using the
relative errors (8). Studied higher order open newton
Coates rule in (10). Have discovered modified trapezoidal
rule by derivatives (11). The author has described the
newton-cotes error detection method and compared
some high-order methods using numerical examples (13,
19). An elementary proof of error estimation for the
trapezoidal law is done (14). Preformed an algorithm
for newton-cotes open and closed integration formulae
associated with eleven equally spaced points in (16).
Discovered new formulas of numerical quadrature using
spline interpolation by (20). A semi-open Newton—Cotes
quadrature rule and its numerical improvement are done
in (20).

Here will investigate Newton Coates’ method based
on two points up to eight points, to be checked using
Lagrange interpolation and the error related to these
methods; by using the error of interpolation method or
Lagrange residual. And the desired result will be obtained.
Firstly we will introduce and investigate the Newton-cotes
method from two up to eight points, after that Error of
each method will analyze and get desired result (Alomari,
& Dragomir, 2014).

MATERIALS AND METHODS
This research article is a library research. So, the author of
this paper tried to gather and use the resources from the

! Department of Mathematics, Sat-e-pul Higher Education Institute, Afghanistan

" Corresponding author’s e-mail: nikzadjamali2022@gmail.com




Am. ]. Innov. Sci. Eng. 4(1) 1-8, 2025

@ salli

library. It is mentionable that, the data which is conducted
in this study has been collected from some academic
articles and trustworthy books,
electronic libraties, internet sites and other scientific

academic journals,

resources to find valuable and crucial information. In
the current study the author has tried to state about
“Investigation and Analysis of Newton-Cotes Integration
Formulas and Errors from Two up to Eight Nodes Using
Lagrange Interpolation”.

Newton’s Two Point’s Method
According to Newton’s cotes method, the integration of
a function is:

[ £ =" p (= 3L () e
So the summation shows that:
Di(x) =Lo(x) f (x0) + L(x) f(x1)

Since f(x)) are constant so we need only the integration of
L,® and L,(x) so we can write

[} 7t [ py (o
=[ L@ e+ [ L@ ()
=f(x) _[ : L (x)dx+ () J : I(x)dx

Know the integration of L, (x) and L, (x) is:

jLo(x)dx J B{x— 1), J“*(’»—’»Jd

(o-x) = (=h)

_Me-xPT 1 -x)]_h
h 2 " h 2 2
[ Lo j Etea ] E

_1 (x—.x’o)‘ _1 1 (g —x)° 0 :ﬁ
h 2 . h 2 2

Putting the integrals of L (x) and L (x), the desired
integral obtain as:

[ 7Gxt £} Lo+ £ L
h h h
= f(x,) 'E"' f(x) E = E[f(xo)"' f(’“])]

This formula also called Trapezoidal rule (AL-Sammarraie

& Bashir, 2015).

Newton’s three Points Method
Considering the Newton Cotes Method ew have:

[ F =] o =] TL@I)
Or we can write: i

[ 2200t = [[ L0 ) + LGS () + L0 S

Because f(x) are constant, just need the integration of
L,®, L (x) and L,(x). The integrals are:

[ L, () _[ maa—x)

(5 — )0 —x)
Yt il e Tt O
o (I=2h)

1 px+2n . ,
oz _L. (x—2)" = 3h(x—x)+2h" )dx

T +1h

_1 {(x—.x;,)s 3’

. +2h'x
2K 3 2

%

:; &h _5h_+4h5 :h_1 2|_h
2R 3 2 2h° |3 3

(x—xdx—mx)

— 7

[ b= [ (=)0 — %) ’
—[PERE %2,

O
1 px+20 N
=[x 2k ) )

h
1 (x—x )5 —Eh(x_;b)]

( )1',, +1h
- Xy

{ 2 3 4
=_L1- @_M@]:_m_@:ﬂ
RUO3 2 3 3

j L(x)dx—j ((::"—de

[,
. )
1 T, +2h

=5 N I: (x —x,)* —h(x —xo):ldx'

1 [ (c=x) _j -x) ]

T 2 2 ),

S (C) D AR
23 2 2 3

So the three point method formula is:

h  4h

J: f(x)dv= _{ ZL (x)f (% )dx = f(x)- _+ f(ll)"' f(k )

[ £de =" + 47+ 1)

This method also called Simpson’s one-third rule
(Chalpuri, Sucharitha, & Madhu, 2018).

Newton’s four Points Method
As two and three point’s formula the integration of a
function is:
[ foodx =" pye)aix=[" 3 L(x)f (v
. " Y iml
Since f(x) constant, so we have to calculate the integrals
of L, L,(® and L,(x). Here we show complete
calculation of L, (x), and mentioned only the answer of
j‘: L (x)dx , j‘: L, (x)dx and JI:L. x].{i‘r;
¥ e (vex) - n)(x-x)
x)dy = [T AR TRINTY) b
j“LO[ ) L‘ (-‘?o_xl)(xo_ *2 )(‘o_ Rl )
J-a (xfxo—h]{xfxo—Zh)[x X, —3}1]&‘__7
] [—}1)[—2}1]{—3}1]
= 61I; jq [[ (x— ’*o) —3h(x— \O)+2h} (x— \O—Eh)]d

1 j. (x— x’] —3h(x-x, —3}1 x— xo)
—6i* +OI (x —x, )+ 2k (x —x, ) - 6/
1

= ["[(x—x, —6h(x—x +11Ii x—x,) -6k |dx
ey S -

—6h
" B R ro+3h
_ L jemn) G Gon) e n) e
e 3 2
4 4
_ L8t 99, h ‘[sulgsfzssJ
—6h" | 4 2 —6h” 4
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And the other integrals are:
j;gh)«:k:%h [ L[x)d\=—h A )aa=4,
So the three point Newton’s integration is:
[ Fx)de=] p(x)de=]] ZL () (x)dx
=j‘ Lofoafwj‘“ lf;derj. Lf:dwrj L fidx
=) A 2 )+ 2 ()
=)+ 3/ () 3 ]+f(-xs)]
This method also called Simpson’s three- eight rule (Cruz-

Uribe, & Neugebauer, 2003).

Newton’s Five Points Method
the relation of Newton’s
integration it can be written:

[ () [ B(x) =[S L 7G5) - | LA )

, 1=0

Considering numetical

Since f(x) is a fixed number, for finding the value

of desired integral we must calculate integrals of

L) . L(x), L(x).Ls(x). L(x) sO we have:
(—x)(x—x)(x—x%)(x—x)

["-o _xl)["—o _xl)(xo _xs)[xo _"”'4)

o (x=x =R (x—x, = 2h) (x —x, = 3h)(x — x, —4h)

L= (0 —x, —h)(x, —x, = 2h)(x, —x, = 3h)(x, —x, — 4h)

After Multiplying and simplification, of the brackets we

have:

[(\ \0] —3h(x-x

L(x)=

L -*—2}12 ][.[.\'—.\'0)2
Lx) T

[(x—xof—?h[x—xof <127 (.\'—xﬂ]: —3}1(1’—.{0]3
)+ 20 (x-x)"

—7}1(.{—.{0]+12}12

=4 207 (x—x, ) =36 (x
]—14})3 (x=x,) <240

Now we integrate the L (x) :

24k

j Ly (x)dx=?
p (x—xo]a—loh[x—xo]s
-y x
241 +35K (x—x, ) =50k (x—x,)+24k°
r 7 xe+d
(*“"‘0) 101[7& ‘0]
_ 1 5 4
24K x Y x F
s ) g ) e
L 3 2 4
[45;] Cront) [4.5.1] e [45;)
1 3
24h* (4 ]
— 500 3 +24h*x, +96h° — 240"y,
5 5
:2:}4[102;"’ —640)15+22430h 400};%95#]
1

After simplification of brackets, the integral is:

Because the integral calculation of L(x). Ly(x),L(x).Ly(x)
similar to L (x) integration, therefore we give up its
complete calculation and write its answer.

xy w4 xg+dh

64h ! 24h

xX)dx =— X)dv=—

;{ L (x)dx e ;{ L, (x)dx e
X+ 40 5,44k

. _64h L4k

j L;(.x)dx—g J La[.x)dx—g

Then the five point method’s formula is:
[ fyax= %[mm) + 641 (1) + 24 £ (%) + 64 () + 141 (x,)]

This method is also called Boole’s rule (Darkwah, Nortey,
& Lotsi, 2010).

Newton’s Six Points Method
Again, to obtain this method’s formula, must use integrals
of I,(x) up to L..(x) so we have:

(x =) (x=x;)(x =% (¥ —x ) (x = ;)

LO [") B [xo 7"”-1][)”-0 7}”-1]["-0 7'}‘5]["—0 7":4][}”- 7"-5)

Here numerator has variable and denominator of fraction
is fixed. After multiplication of brackets of numerator
and simplification of denominator we obtain:

[[x -x, ]5 —15h(x—x, ]4 +851 (x —x;, ]5
1—225};5 (v —x, ) +274h" (x— x,) —1200°
~120/°

L=

Now we compute integral of L (x) :

xo+5h

_{ Ly(x)dx=
1 ‘"*”|:(.x—.xo]s —155}[3’—3&0]4 +85k* [x—xo]s }{
he

12007 5 | 228 (v x, F + 274k (x - x, )~ 1204°
_ Xy =3k

(x) g Gmn) g n)’
! 6 5 4

1204°

—225}:5 % + 2740 % —120/°x

sh sh st L(5hY
[EoN RPACUN ') casie (sn)° s OP)
1 6 4 3

1200°

i
2740 2’) 1200, — 600K® + 120h°x,

M [15625
1200 6
h {31250+1593757191100]7[_ h ]{

375+¥—93?5+3425—600:|

475} 95h
LA PN
12

120 12 120 288

Because the calculation of integrals L,(x), L,(x), L,(x),
L,(x), and L,(x) quite similar to integral I (x), to reduce
the size of article we don’t mention its calculation and
directly write its integrals so we have:

x+5h

375h e 250k
¥)dx = L(x)dxv=
! Lx)d 288 j a(x)dx 288
W 250h o 375h
(x)dx= L(x)dc=
! 288 ! 288
xg+3h
. 95h
=22
[ L(x)de =

EY

And the formula of this method is:

J- Flde B [ 95 () +375 1 (x)) +250 £(x,)
T288| 42507 (xg)+375 f(x,) +95 £ (xs)

(Dehghan, Masjed-Jamei, & Eslahchi, 2005).
Newton’s Seven Points Method

Considering Newton’s integrals, we can write:

b ]

[F(x)dc=fB(x dx—jzm)fm [>Lmse)

a x, i0
As f(x) is constant, therefore the integrals of L (x) up
to I (x) must be calculated. Since the calculations are
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same, we mention the calculations of L (x)’s integral, and
directly remind the others:
! (O =2, )0 — 2, )(x = 35)0r = 3 ) — % )0 — )
(R S, e Sy —

J'(L X —h)(x—x, —Zh)(\—xo—3}1)(.{—.750—451)}
1(\, X, — Sh)(x — x, —Gh)

(=h)=2h)(=3h)(=4h)(=5h)(-Gh)
J(x—%)é —21h(x = x)° +175h* (x = x,)*

7350 (x —x, ) +1624h* (x— x,)°
1—17641;5 (x—x,) +7200°
720h°

L=

L=
%, + 8k
[ L=
{("_7%) oo "°) 1750
I I
- 17351 %) | g XX
720h 2 3
1764 2 ‘°) 720k
_ 1 [1476h] a,
7200° | 7 140

. \)5 xo+6h

As mentioned above the integrals of L, (x) up to L (x) is:

Xy +6R 216 xy +6h 27
j Ll(x)dxz—h j LJ(.x;)dxzmh

[ )d;:ﬂh [z, (.x)d.x:ﬂh

5+ 8k

Lilml.s(x)dxzmh [ L ——h

And the method of seven points Newton’s integration
obtained as:

J. P 411 (xp)+ 216 (x)) + 27 f(x) }

T140| 4272 (xy) £ 27 £ (x) + 2161 (x5) + 411 (%)

Newton’s Eight Points Method
the
integration it can be written:

j'f(_x)dx' =jR,(.¥)d¥=j§Lf(x)f(x,) =}:§Lf(x)f(x,)

Considering relation of Newton’s numetrical

As before, again we need the integrals of L (x) up to
L.(). The calculations of L (x) are stated here and we
write the answer of the next integrals directly (Eslahchi,
Dehghan, & Masjed-Jamei, 2005).
L =) =) (x—xy)
) G T =G )
[Gr=xy = B)(x = x, = B)(x —x, = R)(x—x, =)
1(.1: =X, —h)(x—x, - ) (x—x, —h) }
T (Ch)(—2h)3hY—AR)(—Sh)(—6h)(—Th)

After multiplication and simplification of numerator

and denominator, so the integral of this expression is
obtained as follows:

ry+Th

j L, [x]a’x =?

(x— xo]T —28h(x-x, ]6 +322h (x - x, ]5
~196077 (x —x, ) +6769% (x—x,)" -
131321’ (x — x,)* +130684h° (x —x,)
50400

r - T Fe+Th

. R
() g (=) gy (%)
g 7 6

S -x )4 _
4

Th

R
-50400" 3

5
__ 1 1960 (=%)"  6760n
5040k 5

131320 & 3‘) +13068J5%

_—5040h"x

x,+Th

JLO()

5257
17280

h

Similarly, if the operations are preformed the integrals of
L up to L (x) will be obtained as follows:

I 2503 "y () - S26L,
! 17280 o 17280
j L (x)de =222, [ L(x)d =222
17280 17250
" 9261 i 25039
L(x)dx =y L(x) =22
I <= os0 -{ <= Ts0
I LT[,\I]d\I:E 1
) 17280

Error of Interpolation

If the function y = f(x) is given, so that we know the
Continuity of the function and its first, second, and nth
derivatives, we can obtain the interpolation error with the
help of an operation such as what we do to calculate the
error of the Taylor series (Fornberg, 2021).

From the concept of interpolation it is evident that:
Pn(x) =2 f)xp =x < x,

pn(x) = f()i = 0,1,2,-+n )]

If we want the relation f(x) to be equal to the polynomial
p. (%), we must write that:

f(x) =pa(x) + E(x) 2

So that is error of interpolation.

From the command f(x;) = p,(x;), we conclude that:
E(x)=0 i=0L2~n 3)
Therefore, we can write E(x) as follows:

EX)=(x—x)(x—x)x—-x)(x—x,)k €))]

For simplicity, we consider k being constant and from
relation (2), we define the auxiliary function F(t) as
follows.

£(t) = f(1) - p.(H)—E) ®)

In relation (5) tis an independent variable.

It is clear from the definition of function F(t) that:

1. F(x;)=0 i=012.n

2. F(x)=0

Therefore, the function F(t) becomes zero at n+2 point,
n+1 point of x and one point of x itself.

Since p_ (t) is polynomial of degree n, its (n+1) derivatives
becomes zero, also E(t) is a polynomial of degree (n+1),
therefore its (n+1) derivatives become (n+1)!. So we have:

FO () = £V (1) = 0—k(n+1)! (6)

According to the mean value theorem, F®*V(t) becomes

zero at a point 1), where x; €17 £x,, So we have that:

F(VH-I)(U) 0:>k f("”l)(‘r?)
(n+1)!

And ﬁnally, the interpolation error is obtained as follows:

E(x)= A (U)[xfx)[xfx) (x-x,)

=n=x,

==X,

Error Analysis of Newton Coates Method
The Error of Two Point’s Method
If f(x) is a function, we guess its equivalent with a first
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degree polynomial p,(x) by Lagrange’s interpolation. So
the error of this approximation is as follows:

f-p=L2

(x—x)x—x)  xp<p<xm -(7)
If goal is the integral error of the function f(x), therefore
the relation (7) should be integrated. So the error of two
point method is: (Junior, & Magalhaes, 2010).

I
E- j[fm p(0)]ds = j S0 () (x—x,) i
Considering the mean value theorem of calculus, then the
above integral is equal to:

fz(:r,r) j (x—x)(x—x)dx

i) {(x—xof B

o]
2! )

3 2

After putting the integration limits, the error of two point
method or trapezoidal method is obtained as follows:

where

P,
E=—f') X <n<x
We see that error in two point rule ( Tmnezmdal rule) is of
otder h? and expiration of etror is —ﬁ [ whetex, <p<x,
. It means that the method exact up to polynomials of
degree one.

The Error of Three Point’s Method

The method does use in two point error is not workable
here, so by using sense of error we defined the desired
way, therefore the numerical integration error as follows:

= [ £ 2 16) + 47 0)+ £x)] -(8)

partl par2
In relation (8), applying calculus rule and Taylor’s series
expansion on partl and part2, and the error will be
obtained by their difference. So we have:

xg+2h

f(x)dx —F(x)] !

If expand the F(x +2h) by Taylor’s series, and after
simplifying will get:

partl. j =F(x,+2h)-F(x)

=F(x,)+2hF'(x,) + 21 F"(x,) + %I}EF' ()
2osminey, A pspe, .
+3h F7(x,)+ Eh F9(x,)+-—F(x,)

) 4., 2 4
partl = 2hfy + 207 f) + Eﬁj’ﬂ,’+ 3314j(‘,'+ Ehjﬂf'“ e

Now we will expand part2 by T-S and simplify it:
part2== 27 (x) +4/(5) £

:_2[ F)+Af (5 - h) + £+ 20)

P S __7
[ﬁ,+i}o+—ﬁ+—ﬂ,
fo+4
] 2 gy '5 AT

[ﬂ, + 20+ 21 f) + Ehsﬁ
.
]Jrz}ﬁ_{;” +ih§f§5’ .

part2=—2hf, — 2k’ féf—h f‘;f—}ﬁfo

=

5!‘(45

Now putting the value of partl and partZ in (8) we have:
} AR
} f(4)

2hf, + 20° fo+ hf0+ K f+
E=

2hf, 2K f] —Ehsﬂ;—?‘.ﬁf

B= i 3y -

4 5
E=kK (4){—— J ®( where x, <n<x,
S\ G 15" 0l @ 0 <IN <X,
So we see that error in three point rule (Slrnpsons

rule) is of order h® and expiration of error is —= f“’(q)
where %<7<%. It means that the method exact up to
polynomials of degree three.

Note: As you can see, two errors were studied with two
different methods and these two methods are useful to
get all the defined method’s error. The first method will
be used to obtain even-point method’s error, and second
method used to obtain odd-point method’s error.

The Error of Four Point’s Method
Considering the interpolation error, we have that:

F-p@
_ ﬁ@@{cxxﬂ)(xxl)

4 (‘r_“:})(‘f—xs):| Xy <I< A, -+(9)

E= |1/~ pW]d

3 )(x = )(x—x; )dv

5 p)
:J—f 4!0'0(-1'—%)(1'—

E- J [/ -p )]

4 1}
f( (."jj (x—x )(x—x )ax

Jx—x)

So, for ﬁndmg the error of this method, enough to find
the integral of f;’(x — x0)(x — x;.)(x — x,)(x — x3)dx so we
have:

E= fmo'])j (x—x)(x—x)(x—x;)dx

f‘a)(r,r)’jix %o )(x = 3 —h)(x = x, — 20) (x - x, — 3h) dx

= f(:?” ) j i[[.?;—xor —6}.1[.1'—.1'0); <11k [.7;—3;0)J -6k [.r—xo)}dx

xp +3h

B f‘)(ra){(xf—\'o) I T LS A )
5 4 3 2

41

X

where

X, < <X,

ﬂ‘)(v)[ 9, 5]:7

30
a 0 E’f ()

The error in this rule is of order h® and expiration of
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error is

5
7%)“(4) () where X <n <x3. It means that the
method exact up to polynomials of degree three.

The Error of Five Point’s Method

As mentioned before, the error of this method is
obtained like the error of the three-point method, so it
can be written:

oo 2h[TAG) 3 ]
E,J’Hf(_x)aa E[+12f(.x;)+32f(x5)+7f(.¥4)} (10)

Again as before, we expand partl and part2 after that
replace it in relation (10), the result of this process will be
the error of desired method.

partl: j:"”"" F(x)dx = F(x, + 4h) - F(x,)

:4};F'(x0)+8h1F"(x0)+ FJF ().0)+ },4}7(4)03
FEHEO W)+ SO W)+ S WO )

[4}1 I+ —h;fo'+ —}14f0"

] 128} f(-") f(ﬁ)

In the same way, partZ is equal to:
Tfo+32f(x, +h)+12f(x, + 2h)
+32f(x, +3h) + 71 (x, +4h)

artl =
P 1 024 -

B %+

art2 ———h
P 45

Expanding f(x +h), f(x +2h), f(x +3h) and f(x +4h) by
Taylor’s series and simplifying, we will obtain part2 as
follows:

Zis
g

_ E -
[ af(s)

—4hf, -8 f;

] 1280 o

By placing the values of partl and part2 in relation (10),

the error of this method will be as follows:
1024 528y 0

el oy

1024 528 5
e

part2=

315 162

E=-S o

945

The etfor is of order h'and expiration of error is
E=—-2 =" f©@) where Xo <1 < x4 . And It means
that the method exact up to polynomials of degree six
(Khatri, Shaikh, & Abro, 2019).

The Error of Six Point’s Method
Like previous way, we define the integration error using
the following interpolation concept:
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By using mean value theorem we can write:
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After simplification it becomes:
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where

X, < <X

Error is of order O(h’) and the method exact up to
polynomials of degree six (IKambo, 1970).

The Error of Seven Point’s Method
By concept of error in integration we can write:
417 (x,)+ 216 f(x)+ 27 £ (x,)
E=[ f(x)dv— 1%0 $2725(x)+271(x,)
: 4216 F(x.)+ 41 (x,)

part

—_—

Again expand partl and part2 by Taylot’s series and
simplifying we have:

[6}1 L+ 18R f) + 321 f7 - 54K £ 1
324 324 1944
partl =]+hsf;4) R

SN
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s AT 14o}f°

By same way part2 will becomes:
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Putting the value of partl and part2 in its place we will
obtain:

_ 388800 38880 , o
280 e e
ﬂ 1400 ﬂ)
— WO where x, <m<x
1200 RG] o <7 <X

(Magalhaes, Junior, Magalhaes& Magalhaes, 2021).

The Error of Eight Point’s Method

The method of receiving the error of this method is
same as the previous. Since the calculations are relatively
long, therefore we will not mention all steps. So we have
(Ramachandran & Parimala, 2015).

E- j ()= s ()]

me(f?) (x=x, )(x =5 )(x—x )dx

E- J [£()= p(9)] v
_f® (u)

J x—x)[x—x) [,x—,u)d\'

After multiplication of brackets we will obtain:
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By setting the limits of integration and after simplifying,
the error of this method is becomes:
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where

Xy < <X,

RESULTS AND DISCUSSION

In this study, Lagrange interpolation is used as a tool
for determining the values at the nodes. Lagrange
interpolation is a powerful method for constructing a
polynomial that passes exactly through the data points.
This method is particularly useful in numerical integration
as it can approximate the function whose integral needs
to be computed. In this paper, Lagrange interpolation is
employed to determine the function values at the various
nodes, and the Newton-Cotes formulas are constructed
based on these values. This approach minimizes the error
in approximating the function at each node and increases
the overall accuracy of the calculations. This research has
numerous applications in fields like engineering and the
physical sciences, where precise integration is required.
In particular, for numerical simulations and solving
problems in physics, mechanics, and engineering where
complex functions need to be approximated, the use
of Newton-Cotes formulas and Lagrange interpolation
can significantly improve the speed and accuracy of
computations. The paper also assists researchers in
identifying optimal node counts for specific problems,
especially when computational resources are limited or
when high accuracy is required in the results.

Novelty of Research

The paper “Investigation and Analysis of Newton-Cotes
Integration Formulas and Errors from Two to Eight
Nodes Using Lagrange Interpolation” provides a detailed
analysis of Newton-Cotes integration formulas, aiming to
evaluate their performance across different numbers of
nodes (from two to eight) using Lagrange interpolation.
This study not only analyzes the accuracy of these
formulas in solving numerical integration problems but
also examines the associated errors for each of these
formulas.

Contribution to Knowledge

The paper also addresses some key issues for incetance,
computational complexity involved in using a higher
number of nodes. Additionally, for certain types of

functions, even with an increased number of nodes,
significant errors may still persist. For future research,
the paper suggests conducting further analysis on
the application of these formulas to more complex
problems or functions with special characteristics. It also
recommends exploring the use of other interpolation
methods and comparing them with the Lagrange method
to broaden the scope of this research.

Fullment of Research Gap

One of the key points of this paper is the analysis of the
errors associated with using Newton-Cotes formulas with
varying numbers of nodes. The paper provides a multi-
step analysis, starting with a comparison between the
integration results obtained from different formulas and
the exact values of the integrals. Subsequently, the absolute
and relative errors of these formulas are calculated for
various node counts. The results show that increasing the
number of nodes leads to a reduction in the error of the
integral approximation. This is a well-established result in
numerical integration, which enhances the understanding
of the accuracy of Newton-Cotes formulas. However,
the paper also emphasizes that if the number of nodes
becomes too large, computational complexities may
arise, and numerical errors due to characteristics of the
algorithm may emerge.

CONCLUSION

The integration method that uses the concept of
interpolation is Newton Coates method. This method
has long calculations if the value of “n” increases. So
methods of higher than three points will not be very
useful. The truncation errors of two point method is of
order three, three and four point methods are of order
five, five and six point methods have truncation error of
order seven, finally seven and eight point methods are of
ninth order. If we continue this process, we will see that
the error of these methods is order of odd. If we pay
attention to the obtained errors, the odd point methods
are more effective than the even point methods. That is,
if the error of the three point and four point method
is compare, it is interesting that the three point method
shows a small error. Likewise, if we compare the error of
five and six point methods, the five point method is more
accurate than the six point method.
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