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piezoelectric patches under multi-frequency excitations. The model takes into account
geometrical non-linearities, piezoelectric non-linearities, and inertia. Hamilton’s principle
is used to determine the electromechanical equation of motion, and Gatlekin’s technique
is used to determine the equivalent model of the piezoelectric generator. A mathematical
methodology based on the multi-scale method for vibration control and stability is reviewed
in this work to determine a system of amplitude and phase equations. The control of

primary and secondary mode resonances is developed, and feedback effects are analyzed for

Beam Vibration, Multi-
FEreguencies, Non-Linearities,
Sandwich Beams

INTRODUCTION

The reduction in the consumption of electronic
components has enabled the development of wireless
mobile applications. Batteries, which initially encouraged
the

have paradoxically become a brake on this progress,

development of portable electronic devices,
particularly because of the associated maintenance
problems (recharging and replacement). Since the 90s,
research into the control of vibrating structures has led
to developing of electronic devices with low rendering
requirements. Supplying these small devices with heavy,
bulky batteries is not a feasible solution because they
have a negative environmental impact and often require
very periodic interchangeability. Based on the theory of
Euler-Bernoulli beams (belouettar ef al., 20006), linear and
non-linear mathematical models of the system under
consideration are developed to predict the behavior
between amplitude and phase under second-order multi-
frequency excitation. To contribute to the control of
non-linear vibrations, (Daqaq e al, 2009) proposed a
non-linear model and demonstrated that the resonance
phenomenon can improve the gain harvesting system
in terms of vibratory energy. Subsequently, (Triplett
et al, 2009) demonstrated that the electromechanical
coefficient’s non-effect increases the system’s output
power. In more advanced research, Erturk e a/ (2011)
carried out a series of experimental studies on beams
on a macroscopic scale studied the influence of certain
parameters such as the linear damping coefficient and
the excitation amplitude on the deflection and output
voltage. All these previous works show that the degree
of non-linearity is always of order 3 or of the duffing
type, the order of resolution of the equations according
to the disturbance parameter is 1, the position of the

small and large amplitudes of vibrations of sandwich beams. Frequency response curves are
presented and discussed for various gain parameters.

piezoelectric patches on the elastic structure and the
electrical constants are studied in the linear domain, and
finally the geometric shape of the structure is not taken
into account.

In this work, we propose a co-rotational formulation of
an adaptive sandwich beam. The structure is composed of
a viscoelastic core constrained by elastic skins fitted with
piezoelectric pads. The special features of the formulation
lie in the absence of electrical degrees of freedom to take
account of the coupling and in the use of a fractional
derivative model for viscoelastic damping. The simplest
and most studied geometry for the extraction of vibratory
by piezoelectric elements is that of a cantilever beam with
one (unimorph) or two (bimorph) piezoelectric layers.
Recently, many researchers have devoted their time and
efforts to investigating the mechanical and vibrational
behavior of both micro- and nano-structures (Younis &
Nayfeh, 2003; Farokhi ez al., 2013; Askari, 2014; Askari ef
al., 2014a; Farokhi & Ghayesh, 2015a; Ghayesh, 2015b;
Ghayesh, (2015c); Ghayesh & Farokhi, 2015; Han ez al,
2015; Ghorbanpour Arani ez al.,, 2016). A few more recent
research works in this area include the study of and
functionally graded microbeams carrying microparticles
in a thermal environment by Shenas et al. 2016 and
the size-dependent behavior of functionally graded
microbeams using various shear deformation theories by
Trinh ez al. (20106), the size dependent vibration of a nickel
cantilever microbeam by Lei e a/. (2016), the free flexural
vibration of geometrically imperfect functionally graded
beams by Dehrouyeh-Semnani ez a/. (2016), and the size-
dependent behavior of functionally graded microbeams
using various shear deformation theories by Shafiei e al.
(2016).
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LITERATURE REVIEW

Most of the social science research articles include
a literature review. It usually contains the significant
contribution of past papers to justify the adopted theory
and variables. Further to develop hypotheses. It can be
divided into subsections. Literature should be written
concisely in detail by maintaining continuity of the
texts and cited the original work following APA in-text
citation format, e.g, Single authored document (Authot’s
Surname, 2021); double authored document (1st Authot’s
Surname & 2nd Author’s Surname, 2021); Multiple
authored document (1st Authot’s Surname, ¢# a/., 2021).

MATERIALS AND METHODS

Mathematical Modelling

In this section, the geometry of the problem considered
is that of a beam in a bimorph configuration: the upper
and lower layers with patches. Modeling a piezo/elastic/
piezo sandwich beam in the vibration regime gives rise
to a system of partial differential equations with a high
degree of non-linearity (Horel, 2014).

General Displacement Field
w'(x,y,z,t)=u'(x, y,0)+(z—z,)p,
V(X y, 2,0 =V (x, 0+ (2-2)9, M
w'(x, ¥, z.0) = w'(x, y.1)
With i=e 5,4 :5 upper piezoelectric patch layer (sensor)
e = elastic intermediate layer (heart) A =lower piezoelectric
patch layer (actuator),
@.> ¢, = rotations of the normal of the median plane of
the central layer
Z; = ordinate of the median axis of the i layer

o) =2

0,(x.1) :% @
o) =22 0

and zg=-z,= l(he +h,) €)

Zs
2

The kinematic connection conditions at the sandwich

interfaces have the form

h h
1y (5.2 =0, () “

h h
u(x,y,—)=u (x,y,——=
5y ) (. y )
Hence the displacment fields in the layers
Ulx,y,z.t) =u, (x, y,1)—(z— %)mﬁ

Us(x. y.z.0) =y (x, . 0) + z@(x, y.1) ©)
W, y,zt) = wy(x, y.6)

: h h
With #,'(x, y,1) £ u, +5€(p¥ — Esa’.v i=s,4 ©6)

Deformation Fields
The deformation fields are derived from displacement

fields. Considering uniaxial displacements, we have:

I; I; 1 5
gls(xy.}’yt)zﬂm+£Wx7£Wu—’(-—’-—s)wu+7‘v}
2 2 . 2 7
&.(y,0) =y, +z¢, ( )
h h. 1,
g, v.D=u, —=Lp +w _—(z—z ) w_+—w'_
WER'N)) 0x 2‘% 5 M ( ) Ty W

Plane Stress States

At any point M under plane stress, the elasticity equation
can be written as follows:

o) [ci i & o o cilfa

o.| |k ¢k ¢k 0o 0o CLlls

0 [ CE CE CE 0 0 CEllg (8)
0 0 0 0 CE CL o

0 0 0 0 C. C. 0

o, CE CE CE 0 0 Cills

cict CECE
g +(C£ _—163“523 132 +[C1‘§ — B g
33 33

) cEcE
£2+[Cfﬁ— 263‘536 }Sﬁ ©)
33

C33

CECE CECE cq)
cﬁ:[cfa_ 32,313}31‘*' Cas— 2323 &+ CSE&_( 3ﬁE) £

ci) (cs) (ci)
Let’s put ¢, = CE—(” v = cE A2 b e e B) s
p 11 11 C3E3 22 22 0323 66 66 Cﬁ
. CECE . CECE . CECE
G, = Cé -2 O = CJE; - 351513 » Gy :Cfs - JE}G (10)
C33 C33 ij

Electric Potential and Electric Field in the
Viscoelastic Core

The electrical potential in the elastic layer @ is a function
of the electrical potentials at the surface (Opinathan ef
al., 2000). Note @° et @* the electrical potentials on the
(Sensor) and (Actuator) surfaces respectively.

Whether in open or closed circuit @=0and for a heart

with open circuit @ is unknown

]Da(i%)dxzo (11)

Variational Formulation

The dynamic equations of a continuum with piezoelectric
patches are deduced from Hamiltons principle, where
the Lagrangian and virtual work are adapted to include
electrical and mechanical contributions.

ST —SH+6W =0 (13)

8T = %ig(éuﬁéw;—)dv :(ps)ﬂ} J;[u,- 1)+wwfjdx (14)

W= D-(FYM, +Fw,):| +J-( ity + fow, ) v (15)

* * 2 * S
Ny =(E,S, +CS5)uy, +CSsw, +e5) Fs(fbg —¢%)

o . h . o R
Mg :7901135?1- +(EI, 7;175011’5'5)“&)\- +e, 55 2 (¢5 +¢A) (1 6)
i3
_h e . i S Y
Mw *3 ’anSsgo.x +Cn(15 +I.4 _Ss 7)“’.” +93185 5(¢ +¢7)
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Controls Taken into Account

Several analytical methods are used to control a vibrating
structure. So when the structure vibrates, the piezoelectric
sensor layer generates an output voltage which is
amplified and fed back via a direct proportional law, or
velocity control law. The control can be expressed by the
proportional derlvatlve (PD) law defined by:

¢t =G, p° +G¢

Condensation of Electrical Potential

17

N=(ES 42658, 2, +2% 6, 430G, #0632 g1
s

)
My :A'.% ", 4% 2GS + Do, +[E;g -% (2GS, +1)Jw“ +}L% w4,

2 4

M, :A.-%S”n x *% QG S +Ae, *[Cﬂ[s +G, *% (2GSs *’DJ We +;L%s W€ EY

Axial displacement due to static condensation . Applying
Von Karman’s dynamic model gives

(»S),, e M, NOM = (19)

So the equation of motion of our beam is written as:
(pS),, w+(EI), W
A h—s G, [W

2

The transverse displacement »according to the Galerkin’s

hy
-N@Ow,, + 175(14’3\' W W)+

L300%

(20)

h
W AW Wt 2Wa W, — W |[=F

approximation is written by:

Wiy =337, (O, ()

m=1n=1
Where u,(x, y): free vibration modes with boundary
conditions taken into account
7,(): Time amplitudes. In order to study the behaviour of
the piezo /elastic /piezo patch effect, we will equate the
fundamental vibration by:

T+2yr+w Tra,r e ta, T’[+O!T r=F()(21)

With
/'J.hS

a,=A hs (1+G _f VWL Y y/(r y)dx + ij d*jWnW(Y ¥)dx
o

@ = ﬁ(zcnss A=) j Wyt s

hg

“hom

G, LL f W+ f (778 +w1)w(x,y)dx]
a 0 0

o = AGV
2M 7

(v, +972) dvjwﬂw(x,y)dr
)

sl

2

wp =

{cglﬁc;lf (2685 + 20+ G, ))]

(22)

V oW (x, )
i !

=(pS), [ e vy

F= ﬂf(x)w(x, )

Multiple Scale Method

To solve equation 21, we use the multi-scale method which
consists of developing the electromechanical quantities in
whole series according to the increasing powers of the

disturbance parameter (8).
We define de time scale as :

{Tn =et=e%tr et =T+ T 4T,

T, =&

7(t.6) =%, (T T+ )+ ' (T T+ )+ (23)
d_ o0 .0 .90

— =& —+& —+&—+......
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7

—=&"D; +26' DD, e

dr?

Primary Resonance
Thus, the equivalent electromechanical laws defined
become, with free vibration modes y;,(x.)

Ny =(ES,+C\Ss)u, , + CﬁSsWi +ey %(Vbs —¢)

o s s 24
SSZhS(g) Ly (24

+ey

WL h .
M, = 7201155% +(E 1, *ihanSs)w‘m

h . . hj w1
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Control can be expressed by the derivative proportional
law (PD) defined by :
g

¢° =G’ +G,¢

Solving the homogeneous equation gives

(25)
and by

replacing in the second expression we obtain

Dir, +wr, = [—21’&)1 (A' +,uA) 3o, 474 —fcolaiftlg} b

F, F F.
e L i |

5 5 e 1 cc (26)
After eliminating the secular terms, we obtain :
|2y, (A + 1) + 30, 4" A+ ico, 0,4 A | =
ﬁei(m‘—i(ol)To +£ef(03z—i“’z)7;) +£ei(@‘i‘%)T<) 27
2 2 2

with A(7,) the conjugate of A(T}),4 = D, 4, the polar f
of A(T)) is given by

1 iB 1 —i ' ! '
AT) = ae™- AT) = Jae™ 4 :%(“ +iap )e” (28)

(x and B real fonctions). By injecting these expressions
into (27) we obtain:

{iwL(a‘+i[7‘+lta)+%a3a3+iéwﬂ5a3}e’/’" 1;‘ f@-io)Ty +1; (et +%e'(M ol (28)

a +;m+la(a3 = isiny, +Lsin;@ +Lsin;/3 (29)
8 20, 20, © 20,
—a|lo- 3 a,d |=- A cos —icos _A cos
7 8w, ° 20, n 2w, 7 2w, 7
o= adts o [FF +EF+FE]- [y+la5a2). (30)
8w, \f4a w; 8
Stability Study

The solutions of the equilibrium points associated with
the primary resonance are obtained by solving the system
of equations.

1 2 . .
M+ —aat = sin y; + sin y,
8 awy awy (31)
o 3 aa’ cosy, + cosy
D S - 1 2
8w, Zaw; 2aw;
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Determine the given values of the Jacobian matrix |

3,
-u--aad  -ac,+—a,a
Je 8 8w,
A L (32)
o +—aa  —p-—ad
i SWL 3 /l'l 8 5

2 :J(/H%afsal)i{‘l(,uz +%}/(15(72 +1716a52("]*4[,l12 +%ajzlf J[oﬂr&%(lz][fno#iajn’ﬂ
Secondary Resonance
I
T+ T=—g|2ut+wrra,r +ar o, rtrar T |+
Lt H L 2 3 4 5

F cos(o T, +y,) + F,cos(@, I, + y,) +F, cos(@,1; + y,) (33)

Figzroelastigue

Figure 1: Piezo/Visco/Piézo beams

(D¢ +26D] +...) (1 +em + )+ (1, +em; +...}+2;A(q)2 +2eD) +..)
(7, +6z+..) +oy (1 +em +..) vy (g e +.) +
114(TO‘H‘;Tl+....)(D0+é‘lq+....)(€070+671+....}175(T0+éTL+....)2(I%‘FEIQ‘F....)(IE)‘F&Tl+_._.}:

Foos(qqr+3;)+F oos(aar+7, ) +F cos(@r+7) (34)

D;r, +wir, = F cos(a@t +, )+ F, cos (e +, )+ F, cos (@t + ;) (35)
=

N
2 2. o 2 2
Dyt +w,r, =-2D,(Dy7, + pur,°)+ a7, +a32f, +a,1,Di1, +a;7,D,7,

3
To(f) — A(T]v)ei(“'1+1t‘1+w3)ﬂj—,8—y,) + 22 Knehc,,To +ce

n=0

Numerical Simulation and Discussion

Table 1: Propetties of the FGM skin forming the core and the piezoelecttic pads on the sutfaces PZT /FGL/

PZT piezo beam
Physical properties MGEF skin Materials (PZT) Sensor / Actuator
Length (m) [,=0.18 L=L=03
Width (m) B, =0.025 B =B =0.05
Thickness (m) h =0.07 h =h =0,0008
Density (Kg /m?) p,, =9246 E =69,5
p.=2730
Young's modulus (Gpa) E, =305,9
E =422
Strain constant (PZT) (m/V) d, =153x10"
Stress constant (PZT) (m/V) g, =12,7x10%)
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Primary Resonance
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Figure 2: Nonlinear frequency-amplitude for Gd (-0,5;-0,2 ;0 ; 0,2, 0,5, 0,8) Gv=30. y1-y2 =0, y1-y3 =0, y2-y3 =0
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Figure 3: Nonlinear frequency-amplitude for Gv (0 ;28 ;48) Gd= 0.05 y1-y2 = 60°, y1-y3 = 45°, y2-y3 = 30°
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Figure 4: Nonlinear frequency-amplitude for Gv (14 ;28;42) Gd= 0.05. y1-y2 = 90°, y1-y3 = 90° , y2-y3 = 90°
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Figure 6: Nonlinear frequency-amplitude for Gv (0 ; 15 ; 38) Gd= 0.005. X (1.1 ;1.3 ; 1.4)
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Figure 7: Nonlinear frequency-amplitude for Gv (0 ; 15 ; 38) Gd= 0.005. X (1.1 ;1.3 ; 1.4)
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We can see from these curves that the gain parameters
Gd have a considerable influence on the vibration
amplitudes. Indeed, for negative values of gain Gd, Gd
(-0.5;-0.2), the curves obtained are oriented towards high
frequencies, which reflects the stiffening nature of the
beam. On the other hand, for positive values of Gd (0.2;
0.5; 0.8), the curves are oriented towards low frequencies
with relatively large amplitudes, reflecting the beam’s
softening behaviour. On the other hand, for positive
values of Gd (0.2; 0.5; 0.8), the curves are oriented
towards low frequencies with relatively large amplitudes,
which reflects the softening behaviour of the beam. For
the zero value of Gd (0), the curve obtained describes a
more linear behaviour, with the amplitude of vibration
increasing rapidly, then decreasing just as quickly and
stabilising, which would explain why the plate no longer
vibrates. We can see that the angles between the different
forces applied to the beam play an important role in the
behaviour of the structure. Indeed, when the difference in
angle is zero, the curves obtained are practically grouped
together and, depending on the values of Gd, the beam
may stiffen or soften.

Figure 4 shows the frequency-amplitude behaviour of the
beam as a function of the parameter Gv and the angles
between the different forces. It can be seen that the
amplitude decreases with Gv. The curves have the same
orientation and are symmetrical about the same axis. Our
results can be explained by the fact that the greater the
gain parameter Gv, the more the vibration amplitude
decreases. On the other hand, for small values of Gy,
the amplitude is large. The curve shows the amplitude-
frequency curves of the non-linear vibrations of a beam
on which a direct proportional control has been carried
out with Gd as the control parameter. It can be seen that
the amplitude of the vibration decreases as the values
of Gd become larger, and also that the amplitude of the
vibrations decreases with the points where the forces
are applied; in fact, the further these points are from the
origin of the reference frame, the greater the amplitude
of the vibration.The same amplitudes can be observed
whatever the gain parameter Gd. This could lead us to
say that the points of application of the forces play a
predominant role in the frequency responses. We can also
see that the curves are oriented towards high frequencies,
depending on the values of Gd, where the beam acquires
a stiffening or resisting character. In this case, the beam
vibrates more for longer, which makes it less stable. The
curves illustrate the non-linear behaviour of the sandwich
beam under the influence of the velocity gain Gv, we can
see that the curves have the same orientation and are
symmetrical about the same axis. The amplitudes evolve
in the opposite direction to the parameter Gy, i.e. the
amplitudes decrease with the values of Gv.

CONCLUSION

In this work, the nonlinear performances of the
piezoelectric parametrically which includes geometric ,
inertia and electromechanical coupling nonlinearities, is

studied. A mathematical model of the active control of
the sandwich beam piezoelectric/elastic/piezoelectric
triangular plate is developed in this work. Direct
proportional control and velocity control are studied
through the use of the piezoelectric sensor layer and
the piezoelectric actuator, the central layer of which is
made of ST37 steel. Thanks to the electromechanical
coupling, we have modelled the dynamics of a beam by a
non-linear partial differential equation depending on the
various control gain parameters. Based on the Galerkin
approximation, a second-order non-linear differential
equation is obtained with strong non-linearities. The
multi-scale is used to solve the non-linear differential
equation and the frequency-amplitude relations are
deduced in the case of primary and secondary resonances
and secondary resonances. The analytical relationships of
the Jacobian eigenvalues, which define the stability zone
and the instability zone of the plate, are given in the
context of a static study.
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