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The two-stage fixed-charge transportation problem (TS-FCTP) is a transportation problem 
in supply chain management. This problem considers determining the most cost-effective 
way to transport goods through an intermediate state, taking into account both the variable 
transportation costs and the fixed costs associated with opening or using different routes. 
Various methods have been used to obtain solutions in various ways, either heuristically or 
exact solutions. The aim of  this research paper is to propose a more accurate algorithm for 
this purpose. TS-FCTP is an optimization problem of  the mixed-integer linear programming 
(MILP) model. Accordingly, the proposed algorithm is presented as a hybrid based on MILP 
and the modified firefly model. Furthermore, the solution is obtained in Python to improve 
the computational efficiency. The robustness of  the proposed algorithm is tested on twenty 
problems with node sizes ranging from seven to fourteen. The convergence behavior of  
the algorithm shows that the model reaches optimal solutions in reasonable computational 
time. This performance suggests that combining metaheuristics inspired by nature with 
mathematical programming can provide efficient solutions. Also, as an extension of  this 
research, the goal is to develop a more accurate algorithm for large-scale TS-FCTP problems.
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INTRODUCTION 
Transportation problems play an important role in supply 
chain management and distribution management. One 
of  the most widely studied transportation problems is 
the fixed-charge transportation problem (FCTP), where 
the variable shipping cost is proportional to the quantity 
transported, in addition to the fixed cost associated with 
using a transportation route.
In real-world logistics distribution problems, they are 
transported through each stage. Accordingly, goods are 
transported from the production plants to intermediate 
warehouses and then distributed to the final customers. 
This distribution structure creates a two-stage fixed-
charge transportation problem (TS-FCTP) (Cosma et 
al., 2019). Thus, this problem becomes more complex 
because it has to be determined by which routes can 
be used to distribute how many goods at each stage to 
achieve the minimum total transportation cost.
TS-FCTP is a MILP model. Although the MILP 
formulation guarantees optimal solutions, it is difficult to 
apply it in practice on the large scale of  the problem in 
terms of  computational time. To address this challenge, 
researchers have increasingly explored hybrid approaches 
that combine specific optimization techniques with 
metaheuristic algorithms.
In this study, a hybrid optimization framework is 
proposed to solve the TS-FCTP problem by combining 
the Firefly algorithm with a MILP solver. In the proposed 
method, the Firefly algorithm is used to explore different 
cost transformation parameters that balance the relative 

importance of  the transportation costs of  the two stages 
of  the distribution network. For each candidate parameter 
generated by the Firefly algorithm, the MILP model is 
solved to determine the better shipping allocations while 
satisfying the supply, demand, and flow conservation 
constraints. This hybrid structure has enhanced the 
exploration capability of  the Firefly algorithm to 
successful solutions.

LITERATURE REVIEW
Several researchers have studied the problem of  fixed 
charge transport using various exact, heuristic, and 
metaheuristic approaches. For example, the authors 
of  (Gen et al., 2006) proposed an approach based on 
genetic algorithms. Later, genetic algorithms were also 
used to solve this problem. (Jawahar & Balaji, 2009) 
Related transportation optimization problems were 
also investigated. Later, how to change the evaluation 
algorithm to minimize the total cost at each stage has been 
studied in the literature (Calvete et al., 2016). In addition to 
the above studies, solving problems with more variables 
is also considered as an extension of  this problem. For 
this purpose, problems are generated randomly and 
successfully solved (Cosma et al., 2020). In addition, (Pop 
et al., 2017) proposed a hybrid model combining genetic 
algorithm and local search procedures for this purpose. 
Other methods have been proposed to solve the fixed 
charge transport problems and address larger cases (Jha et 
al., 2023). Recent studies have investigated other heuristic 
and metaheuristic methods to obtain high-quality 
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solutions to these problems (Thakur, 2025). The results 
reported in these studies suggest that heuristic approaches 
can be useful when the computational requirements of  
fixed charge transport models are difficult to manage with 
traditional optimization techniques (Jayakumar, 2017).

MATERIALS AND METHODS
In this research study, a modified hybrid algorithm, 
primarily including the firefly algorithm and MILP, has 
been proposed.

Firefly algorithm 
The assumptions are that all fireflies are unisex, which 
means that a firefly is attracted to any other firefly 
in the population. The attraction between fireflies is 
proportional to their brightness, which means that a less 
bright firefly is attracted to a brighter one and that it 
moves randomly when there is no firefly. This attraction 
decreases as the distance between fireflies increases. 
Third, the assumption is the function of  the optimization 
problem is modeled as an exponential function of  the 
brightness or light intensity of  each firefly (Yang, 2010). 
The light intensity I(r) of  a firefly is given by
Where the given medium with fixed light absorption 

coefficient ϒ its typically varies from 0.1 to 10 and I_0 
is the original light intensity when rij=0 ( rij; distance 
between two fireflies i an j.
The firefly’s attractiveness is proportional to the light 

intensity seen by adjacent fireflies. It defines β.
Where the β0 denotes the attractiveness at zero distance.

The movement of  the ith firefly is attracted to another 
more attractive (brighter) jth  firefly is determined by
The second terms take into consideration the fireflies’ 

attractiveness, and the third terms is randomization with 
a, a∈ [0,1] which serves as the randomization parameter. ℇ 
is a vector of  random numbers generated from a gaussian 
or uniform distribution.
This study’s optimization model was created as a MILP. 
The PuLP optimization library, which offers an interface 
for defining linear programming and mixed-integer 
programming models, was used to implement the MILP 
model in Python (Mitchell, 2011). Visual Studio Code was 

used as the development platform for all computational 
experiments. A Python-based optimization solver that 
finds the best transportation flow allocation while meeting 
supply, demand, and flow conservation constraints in TS-
FCTP was used to solve the MILP formulation.

Two stage fixed charge transportation problem
The TS-FCTP extends the classical FCTP by introducing 
the intermediate state of  distribution centers between 
manufactures and customers. The model is formulated 
as a MILP problem with the following decision variables 
and parameters (Calvete et al., 2018).
The TS-FCTP extends the classical FCTP by introducing 
the intermediate state of  distribution centers between 
manufactures and customers. The model is formulated 
as a MILP problem with the following decision variables 
and parameters (Calvete et al., 2018).
I, i : set of  sources
J, j : set of  intermediate distribution centers (DCs)
K, k : set of  customers/destinations.
si : supply available at source i
dk : demand required by customer k
bij : variable transportation cost per unit from source i to 
DC j.
cjk : variable transportation cost per unit from DC j to 
customer k.
fij : fixed charge for opening the source to DC route.
gjk : fixed charge for opening the DC to customer route.
Mij : maximum possible flow on stage-1 route i to j.
Mjk : maximum possible flow on stage-2 route j to k.
The decision variables are:
xij : quantity transported from source ito DC.
yjk : quantity transported from DC j to customer k..
zij : binary variable that Stage 1 route opening.
wjk : binary variable that stage 2 route opening.
The objective function for the TS-FCTP is to minimize 

the total transportation cost. Accordingly, Mathematical 
model can be formulated as follows:
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Proposed equations for convert the unit variable cost
The unit variable cost convert function is proposed to 
create a firefly population with different allocations total 
transportation cost.
For each firefly λn, the variable shipping costs are 
converted as follow :

The proposed modified hybrid firefly algorithm, satisfying 
each of  the above parameters and constraints can be 
describe as follows.
In the proposed algorithm below, at each iteration, every 
firefly generates a λ value. This λ values are used to 
modify the unit transportation costs of  both stages. The 
modified costs are then provided as input to the MILP 
model, which determines the optimal allocation matrices 
and the corresponding total transportation cost. The 
obtained cost is treated as the brightness (fitness) value of  
the firefly and is used to update the population according 
the firefly algorithm rules. 

Proposed algorithm 
Step 1: For each firefly n=1,2,3,…N, generate a random 
parameter value 
λn∈[0,1]
where λnrepresents the n^thfirefly and Ndenotes the total 
number of  fireflies in the population. Here
parameter λnis used to convert the unit variable cost for 
shipping of  each stage.
Step 2: For each firefly n, construct the convert unit 
variable cost matrices using the above Equation (6) and 
(7).
Step 3: For each firefly n, construct the MILP model for 
the TS-FCTP using with above convert unit variable cost.
 
Objective function 

Constraints are same with TS-FCTP.
Step 4: Solve the MILP model for each firefly using the 

Python. Extract the result allocation matrices.
Stage 1: Xn=[xij ]
Stage 2: yn=[yjk ]
Calculate the total transportation cost using Equation (5) 
with respective above allocation matrices for
each firefly “Zn” using the CBC in Python.
Step 5: using the obtained cost for each firefly, perform 
iterative updates using the modified firefly algorithm.
Calculate the brightness of  each firefly using “Zn”
brightness=1/Zn  for the minimization function.
Consider two fireflies i and j if  Zj< Zi, then firefly i moves 
towards firefly j.
Compute the modified distance between two fireflies as 
follow

Repeat the MILP completing all iterations for the update 
λi
The parameters values used in the proposed algorithm 
are (a=0.25,β0=1 & ϒ=1)
Step 6: After completing all the iterations, identify the best 
allocation matrices with minimum total transportation 
cost.
The Python code for the proposed hybrid algorithm, the 
modified firefly model, is provide in the appendix.

RESULTS AND DISCUSSION
Numerical illustration for the proposed algorithm
To study the efficient and application of  the proposed 
hybrid firefly algorithm, a numerical small example of  
TS-FCTP considered. The problem consists of  two 
manufactures, three distribution state and four customers. 
The problem can be represented as follow: 
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Also, the table 1 illustrates the overall procedure of  
applying the proposed algorithm solve the TS-FCTP. 
The algorithm was implemented in Python, and 

computational experiment was executed in Visual Studio 
Code development.

Table 1:  computational result of  the proposed algorithm obtained from the python implementation

Starting Hybrid Firefly Optimization
Iteration 1 Iteration 2 Iteration 3
Lambda: 0.417 Lambda: 0.644 Lambda: 0.644
Stage-1 Allocation X: Stage-1 Allocation X: Stage-1 Allocation X:
[[29 15  0] [[ 0 15 29] [[ 0 15 29]
 [46  0  0]]  [45  0  1]]  [45  0  1]]
Stage-2 Allocation Y: Stage-2 Allocation Y: Stage-2 Allocation Y:
[[30  0 15 30] [[30  0 15  0] [[30  0 15  0]
 [ 0 15  0  0]  [ 0 15  0  0]  [ 0 15  0  0]
 [ 0  0  0  0]]  [ 0  0  0 30]]  [ 0  0  0 30]]
Total Cost: 734 Total Cost: 707 Total Cost: 707
Lambda: 0.72 Lambda: 0.72 Lambda: 0.527
Stage-1 Allocation X: Stage-1 Allocation X: Stage-1 Allocation X:
[[ 0 30 14] [[ 0 30 14] [[ 0 15 29]
 [30  0 16]]  [30  0 16]]  [45  0  1]]
Stage-2 Allocation Y: Stage-2 Allocation Y: Stage-2 Allocation Y:
[[30  0  0  0] [[30  0  0  0] [[30  0 15  0]
 [ 0 15 15  0]  [ 0 15 15  0]  [ 0 15  0  0]
 [ 0  0  0 30]]  [ 0  0  0 30]]  [ 0  0  0 30]]
Total Cost: 724 Total Cost: 724 Total Cost: 707
Lambda: 0.0 Lambda: 0.566 Lambda: 0.566
Stage-1 Allocation X: Stage-1 Allocation X: Stage-1 Allocation X:
[[44  0  0] [[ 0 15 29] [[ 0 15 29]
 [46  0  0]]  [45  0  1]]  [45  0  1]]
Stage-2 Allocation Y: Stage-2 Allocation Y: Stage-2 Allocation Y:
[[30 15 15 30] [[30  0 15  0] [[30  0 15  0]
 [ 0  0  0  0]  [ 0 15  0  0]  [ 0 15  0  0]
 [ 0  0  0  0]]  [ 0  0  0 30]]  [ 0  0  0 30]]
Total Cost: 794 Total Cost: 707 Total Cost: 707
--- Lambda Updates --- --- Lambda Updates --- --- Lambda Updates ---
Updated Lambdas:
 [0.644 0.72  0.566]

Updated Lambdas: 
[0.644 0.527 0.566]

Updated Lambdas: 
[0.644 0.527 0.566]

Best Cost This Iteration: 724 Best Cost This Iteration: 707 Best Cost This Iteration: 707
Best Lambda: 0.6442510123000666
Best Cost: 707
Execution Time: 1.2774937152862549
Best Allocation Matrix X (Stage 1)
[[ 0 15 29]
 [45  0  1]]
Best Allocation Matrix Y (Stage 2)
[[30  0 15  0]
 [ 0 15  0  0]
 [ 0  0  0 30]]
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Accordingly result, for the first iteration, three fireflies 
were initialized with random three λ values
(0.417  0.720   0.000)
The total transportation cost obtained using MILP using 
Equation 5, based on the unit shipping cost converted 
according to the λ values, can be expressed as follows:
When λ=0.417,total transportation cost=734
When λ=0.720,total transportation cost=724
When λ=0.000,total transportation cost=794
The best solution in this iteration was obtained by firefly 
2 with a cost of  724. The best λ=0.720
The Firefly algorithm updates the position of  each 

other fireflies using the attractiveness-based movement 
Equation 11 in iteration 2. The update rule for the 
parameter λ is given by
(0.644  0.720  0.566)
By repeating the above process, the minimum solution 
was obtained after 3 iterations with a total transportation 
cost 707.

Comparative analysis
A comparison analysis of  the proposed algorithm for the 
problems related to these studies is shown in the table 
below.

Table 2: Comparative analysis for numerical example (Calvete et al., 2018). The symbol “=” represent that the 
algorithm reaches the optimum solution.
Ex 
(i×j×k)

cplex Zopt A. Jawahar 
& N. Balaji 
(Jawahar & 
Balaji, 2009) 
Zbest

A. Jawahar 
& N. Balaji  
(Balaji & 
Jawahar, 
2010) Zbest

D. Raj& C. 
Rajendran
(Antony 
Arokia Durai 
Raj & 
Rajendran,
 2012) Zbest

D. Raj & C. 
Rajendran
(Antony 
Arokia 
Durai Raj 
&Rajendran,
2012) Zbest

TSFC-M 
(Calvete
et al., 
2018)
Zbest

Proposed 
algorithm 
Zbest

1.(2×2×3) 112600 = = = = = =
2.(2×2×4) 237750 = = = = = =
3.(2×2×5) 180450 = = = = = =
4.(2×2×6) 165650 = = = = = =
5.(2×2×7) 162490 = = = = = =
6.(2×3×3) 59500 = = = = = =
7.(2×3×4) 32150 = = = = = =
8.(2×3×6) 65945 69970 70480 67300 = = =
9.(2×3×8) 258730 264680 263000 = = = =
10.(2×4×8) 77400 85200 80400 84600 = = =
11.(2×5×6) 75065 94565 95215 80865 = = =
12.(3×2×4) 47140 = = = = = =
13.(3×2×5) 175350 178950 178950 178950 = = =
14.(3×3×4) 57100 = = 61000 = = =
15.(3×3×5) 152800 = = 156900 = = =
16.(3×3×6) 132890 = = = = = =
17.(3×3×7) 99095 106615 104115 106745 = = =
18.(3×3×7) 281100 302350 287360 295060 = = =
19.(3×4×6) 76900 83500 77250 81700 = = =
20.(4×3×5) 118450 = = = = = =

The small- and medium-sized problems related to TS-
FCTP cases tested in this study were obtained from 
sites.google.com/site/fctpdataset/ (Calvete et al., 2018). 
They are mathematical problems ranging from seven to 
fourteen nodes with twenty cases. The solutions for those 
problems were observed using the proposed algorithm. 
The results obtained are listed in Table 2 above, along 
with a comparison with the research article published by 
Herminia I. Calvete et al. in 2018 (Calvete et al., 2018). 
In that, for those cases, the proposed hybrid algorithm 
was able to obtain results similar to the optimal solutions 

provided by CPLEX Studio version 12.6 (Calvete et 
al., 2018). The corresponding allocation matrices and 
minimum total costs are also given in the Appendix 
section below. This test was performed using the Python 
programming language on a computer with a technical 
specification of  a “Intel(R) Core (TM) i3-1005G1 CPU 
@ 1.20GHz (1.20 GHz), 4.00GB RAM” capacity and 
provides the optimal solution in each run of  the test. 
The average duration of  the 10 iterations ranges from 
0.5 to 4.5 seconds. In this research paper for small- scale 
problems, the CBC solver in Python (solver = pl.PULP_
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CBC_CMD(msg=0, timeLimit=120, gapRel=0.02) was 
used to obtain the allocation matrices corresponding 
to each λ_n and it was used for every feasible solution 
within 2% range of  optimal solution. According to the 
result allocation matrices used to obtained the total 
transportation cost using Equation 5. Although it easy 
to obtain optimal solution by CBC solver for small-scale 
problems, it is difficult to obtain it in a reasonable time 
when dealing with large- scale problems. Therefore, 
obtaining the necessary allocation matrices with satisfy 
all constraints can be done by this proposed firefly 
model corresponding to each λ_n. According the future 
expectation of  this research to study the method with 
minimize the total transportation cost for large scale TS-
FCTP.
This study was primarily conducted to research how 
the Firefly Algorithm could be adapted to address the 
transportation problem. Through this process, accurate 
solutions were successfully obtained for small- and 
medium-scale problems. Consequently, the study aimed 
to gain insight into how this algorithm could be applied 
to achieve accurate solutions for large-scale problems.

CONCLUSION
The main objective of  this research paper was to study 
a new approach to obtain solutions for TS-FCTP by 
modifying the firefly model. In it, the proposed method 
was improved as a hybrid algorithm related to the firefly 
model by analysing it as a MILP problem in Python. In it, 
the accuracy of  the algorithm was tested through several 
mathematical problems. In it, 20 problems ranging from 
seven to fourteen node were tested. In it, the results of  
the proposed algorithm were always similar to the optimal 
solution. Also, the computational time was shown to be 
within a reasonable range of  the relevant target solution 
values. Also, further improving this proposed algorithm 
and applying it to large-scale problems can be mentioned 
as a future research extension. Also, the goal is to obtain 
more accurate solutions for the large-scale TS-FCTP in 
reasonable computing time.
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Appendix
# HYBRID FIREFLY
# ===============================

=============================
def  hybrid_firefly(data,
                   n_fireflies=3,
                   iterations=10,
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                   alpha=0.25,
                   beta0=1,
                   gamma=1):
lambdas = np.random.rand(n_fireflies)
pool = mp.Pool(mp.cpu_count())
for it in range(iterations):
osts = pool.map(
 evaluate_firefly,
 [(data, lam) for lam in lambdas]
        )
costs = np.array(costs)
for i in range(n_fireflies):
for j in range(n_fireflies):
if  costs[j] < costs[i]:
rij = abs(lambdas[i] - lambdas[j])

beta = beta0 * np.exp(-gamma * rij**2)
lambdas[i] = (
lambdas[i]
+ beta * (lambdas[j] - lambdas[i])
+ alpha * (np.random.rand() - 0.5)
                    )
lambdas[i] = np.clip(lambdas[i], 0, 
print(f ”Iteration {it+1} | Best Cost: {costs.min()}”)
pool.close()
pool.join()
best_index = np.argmin(costs)
best_lambda = lambdas[best_index]
best_X, best_Y, best_cost = solve_two_stage_fctp(data, 

best_lambda)
 return best_lambda, best_X, best_Y, best_cost
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